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DIFFERENT RESULTS OF ACCURACY ANALYSIS

Observed accuracy — comparison float «» ideal on a test case

* Tools: FpDebug, MPFR instrumentation
* Properties: no false alarm, debug capabilities, but underestimate reality

° Stochastic Intended accuracy — comparison float < float by
perturbing every floating-point operation

* Tools: synchronous stochastic methods — Cadna
* Tools: asynchronous monte-carlo methods — Verificarlo, Verrou
* Property: realistic results, debugging capabilities, but no worst case

* Guaranteed Intended accuracy — small interval propagation

* Tools: synchronous abstract interpretation on numerical scenarios — Fluctuat, FLDLib
* Property: Guaranteed results around a test case, annotations for unstable branches,
but overestimates reality

°* Proved accuracy — large interval propagation

* Tools: provers — Gappa
* Property: Guaranteed results, but large number of annotations required
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DIFFERENT KINDS OF NUMERICAL ERRORS

°* sudden big loss of accuracy
* Cancellation: a ~ b = a - b has few significant digits

i follow then i
* sudden discontinuity unsiable__ NQ\synehronization
branc i i —
° if(x<-eorx>g)theny« 1/xelsey <« 0O i >K
) follow else
°* progressive loss of accuracy
* absorption: If a+x=x then a=0 is False!
e 1020+1=1 but 10-20 ¢ 0 cee=8 mmm = 23 )
e apprOXimated constants -0.1F = sim bit ‘ 01111011 ‘ ‘ 10011001100110011001101

* with non-determinism

* Associativity: a+ (b +c) # (a + b) + c for floating-point
* (1.10 + 3.30) + 5.50 = 9.900000
* 1.10 + (3.30 + 5.50) = 9.900001

* model/method error
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ACCURACY ANALYSIS METHODOLOGY

° From atest case to an analysis with input ranges

* First = quantitative results, even if optimistic
* The investigations can stop: you have some results

* Verification of the results

* Observed accuracy < Stochastic intended < Guaranteed intended
< Proved

* |If Cadna results < Verificarlo/Verrou results then
° you might investigate unstable branches
° you might add manual annotations for synchronization

° Origin of errors

* Herbgrind: sudden big loss of accuracy
* Verrou with delta-debugging: loss of accuracy at function level
* Fluctuat for small use-cases: progressive loss of accuracy
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INTEREST OF GUARANTEED ANALYSES

°* Analysis on arange of inputs

e all inputs at the same time
* risk: associate the results obtained with an input to another input

° A step before a proof “for all cases”

* Show the parts of the code where the developer has written
Interesting code in interaction with accuracy
* ex: apossible division by zero invalidates quantitative accuracy results

* hard for an automated tool to detect all patterns
°* = enable some annotations to improve the analysis results
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INTERVAL & AFFINE FORMS

°* Asingle variable
~ def ) . def o -
* Intervall T = [Tmin, Tmag] affine form: T = Q&g +Z% €

where o, X, Xmax = CONstants and g; = formal noise symbols € [-1.0, 1.0]

max

° x=[11, 29] X=20+9xg; or X=20+ 2xg; + dxegz+ 3xg,

° Relationships between several variables
* Affine forms store some linear relationships between variables

15 -
X = 20 + 2xg, + 4xg, + 3xg, . —
y =10 + 1xg, + 2xgq - 1xg, &
10

= _##*

5lll} 15 20 25 30
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

real a, b, z, r ;

a =2 * x ;

b=y / 3;

z = a + b ;
r =2z - X -V ;

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

real a, b, z, r ;

a =2 %*x; a < [-4, 8]

b=y / 3;

z = a + b ;
r =2z - X -V ;

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

real a, b, z, r ;

a =2 *x; a <« [-4, 8]

b=y / 3; b« [-2, 2]

z = a + b ;
r =2z - X -V ;

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

real a, b, z, r ;

a=2*x; a < [-4, 8]
b=y / 3; b« [-2, 2]
z =a+ by Z < [-6, 10]
r =2z - X -V ;

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

real a, b, z, r ;

a =2 %* x; a <« [-4, 8]
b=y / 3; b« [-2, 2]
z =a +b; Z « [-6, 10]
r=2z-x -y ; r < [-16, 18]

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%x; a « [-4, 8]
b=y / 3; b« [-2, 2]
z =a+ by z « [-6, 10]
L=z X~y r < [-16, 18]

return r ;

}

* Results
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%*x; a <« [-4, 8] a <« 2 + bxg,
b=y / 3; b« [-2, 2]
z =a+ by z « [-6, 10]
L=z X~y r < [-16, 18]

return r ;

}

* Results
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%*x; a <« [-4, 8] a <« 2 + bxg,
b=y /3 b« [-2, 2] b « 2xe,

z =a+ by z « [-6, 10]

L=z X~y r < [-16, 18]

return r ;

}

* Results
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%*x; a <« [-4, 8] a <« 2 + bxg,
b=y / 3; b« [-2, 2] b « 2xe,

z =a+t by z < [-6, 10] Z < 2 + 6xgq + 2xg,
r=2z - x -V r < [-16, 18]

return r ;

}

* Results

.
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ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%*x; a <« [-4, 8] a <« 2 + bxg,
b=y / 3; b« [-2, 2] b « 2xe,

z =a+t by z < [-6, 10] Z < 2 + 6xgq + 2xg,
r=2z - X -y r < [-16, 18] r < 1+ 3xg, - 4xg,

return r ;

}

* Results

.
universite
PARIS-SACLAY

Journée précision numérique | Védrine Franck | 16
B



ARITHMETIC WITH INTERVALS AND AFFINE FORMS

°* Domain propagation

real f (real x, real vy) X < [-2, 4] y < [-6, 6]
{

X< X=1+3xg Yy« X=06xg,
real a, b, z, r ;

a=2%*x; a <« [-4, 8] a <« 2 + bxg,
b=y / 3; b« [-2, 2] b « 2xe,
z =a+t by z < [-6, 10] Z < 2 + 6xgq + 2xg,
r=2z - X -y r < [-16, 18] r < 1+ 3xg, - 4xg,
return r ;
}
°* Results r < [-16, 18] r < [-6, 8]

.
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code
real x «< [0.0, 1.0]1, vy;
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

.
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

real

I* Vieq - 0.375 + 0.5 x g + 0.125 x g intersection with [0.0, 1.0] */

.
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

real

I*Yieq - 0.375 + 0.5 x g + 0.125 x 1, intersection with [0.0, 1.0] */

X" Xa
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

I*Yieq - 0.375 + 0.5 x g + 0.125 x 1, intersection with [0.0, 1.0] */

Y = X°VY; XX 4
I* Yeeq - 0.125 - 0.125 x gy */
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

I*Yieq - 0.375 + 0.5 x g + 0.125 x 1, intersection with [0.0, 1.0] */

Y = X°VY; XX 4
I* Yeeq - 0.125 - 0.125 x gy */

* with 2 subdivisions
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

I*Yieq - 0.375 + 0.5 x g + 0.125 x 1, intersection with [0.0, 1.0] */

Y = X°VY; XX 4
I* Yeeq - 0.125 - 0.125 x gy */

* with 2 subdivisions
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OVER-APPROXIMATIONS AND SUBDIVISIONS

* Code

real x «< [0.0, 1.0]1, vy;
[* Xoq - 0.5+ 0.5 x g */

I*Yieq - 0.375 + 0.5 x g + 0.125 x 1, intersection with [0.0, 1.0] */

Y = X°VY; XX 4
I* Yeeq - 0.125 - 0.125 x gy */

* with 2 subdivisions
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AFFINE FORMS & NON-LINEAR COMPUTATIONS

°* multiplication

n n n n n
(048 + E 043;681') (aé’ + g Oé?&') = Ozgag + E (agaf + ozgozz-x)ei —+ E g affozjysigj
=1

=1 i=1 i=1 j=1
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AFFINE FORMS & NON-LINEAR COMPUTATIONS

°* multiplication

n n n n n
(ag—F E Oéf&') (ang g Oé?&') =oz8ag+ E (Ozgozzy—l—ozgozf)ei—k E g affozjygigj

=1 i=1 i=1 j=1
not an affine form = interval approximation = fresh noise symbol —
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AFFINE FORMS & NON-LINEAR COMPUTATIONS

°* multiplication

n n n n n
(ag—F E Oéf&') (ang g Oé?&') =oz8ag+ E (Ozgozzy—l—ozgozf)ei—k E g affozjygigj

=1 i=1 i=1 j=1
not an affine form = interval approximation = fresh noise symbol —

°* |nverse
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AFFINE FORMS & NON-LINEAR COMPUTATIONS

°* multiplication

n n n n n
(Oz8+ E Oéf&') <a5’+ g Oé?&') =a8ag+ E (Ozgozéj—l—ozgozf)ei—k E g affozjyeigj

=1 i=1 i=1 j=1
not an affine form = interval approximation = fresh noise symbol —

°* |nverse
1 1
E N Oé_%: 8 "ok
14y %
i=1 0 .
= i X 1 with t = —;pe
- T - x
ag 1+ P o
1 . 12
T oa L
_ 1y (1 t+ 0 (_tmin)Q])
N a% ’ 1 + tmin
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AFFINE FORMS & NON-LINEAR COMPUTATIONS

°* multiplication

n n n n n
(ag—l— E 043;681') <a5’+ g Oé?&') =oz8ag+ E (Ozgozg—l—ozgozf)ei—k E g affozjyeigj

1=1 1=1 1=1 7=1
not an affine form = interval approximation = fresh noise symbol —

°* inverse
1 1 1
E - Oz_gx n o
1 1
—l—zagez
1=1
1 1 " a®
= — X with t = — €
ag 1+ —
1 2 )
= —x[1—-1
g ( +1 {
1 (_tmin)2
= — x[1-tH]o, ‘
af ( 10 T e
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ACCURACY ANALYSIS

° (abstract) interpretation of the code with interval & affine forms
* At every program point @ between two instructions

float f (float x, float vy)
{

float a, b, z, r ;
a =2 * x ;
b=y / 3;

Zz = a + b ;
r=2z - X -V ;

return r ;

- 90000
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CARNOT

p L , . P université
Journée précision numérique | Védrine Franck |31 o 4




ACCURACY ANALYSIS

(abstract) interpretation of the code with interval & affine forms
* At every program point @ between two instructions

variable — ideal domain
floating-point domain

absolute error {
relative error float a, b,
domain, error: affine form m interval a=2%*x;
b=vyv / 3;

z = a + b

return r ;

- 90000

.
14

float f (float x,

Zy
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r

r=z-x -Y;
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ACCURACY ANALYSIS

(abstract) interpretation of the code with interval & affine forms
* At every program point @ between two instructions

variable — ideal domain
floating-point domain
absolute error
relative error

domain, error: affine form m interval

constraints:
* absolute error = floating-point - ideal
° relative error = (absolute error)/ideal

return r ;

float f (float x, float vy)
{
float a, b, z, r ;
oa=2"<x;
€?k>=:y / 3
GBz:= a + b ;
é;r“= Z - X =V ;
}

Journée précision numérigue | Védrine Franck | 33
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ACCURACY ANALYSIS

(abstract) interpretation of the code with interval & affine forms
* At every program point @ between two instructions

variable — ideal domain

absolute error {
relative error float a, b,
* domain, error: affine form n interval a=2%*x;
b=y / 3;

®* constraints:

* absolute error = floating-point - ideal
° relative error = (absolute error)/ideal

Propagation rules for domains

and errors

floating-point domain

z = a + b

return r ;

- 90000

.
14

float f (float x,

Zy
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float vy)

r

r=z-x -Y;
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PROPAGATION RULES

derivative functions
* f(x,y) = f(ideal + err, ideal’ + err’) = f(ideal, ideal’)
+ err x 6f/dy(ideal, ideal’) + err’ x 6f/ox(ideal, ideal’) + non-linear interval
+ new_err due to IEEE-754 operation

addition
* ideal + err @ ideal + err’ = ideal + ideal’ + err + err’ + new_err

multiplication

* jdeal + err ® ideal’ + err’ = ideal x ideal’ + err x ideal’ + err’ x ideal
+ err x err’ + new_err

division
* ideal + err Jideal + err’ =ideal / ideal’ + err / ideal’ - err’ x (ideal / ideal’?)
+ non-linear interval + new_err

BINSTITUT
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real numbers
m

NEW ERROR INTRODUCTION

F— Lot rrrrrrrrrrr b

eeeeee

° For every IEEE-754 op = +, -, %, /, sqrt, fmadd
mode =round to nearest (even)

°* new_err € ulp(0.5) x [- [floating-point domain|, +|floating-point domain|]
* for a floating-point val: ulp(val) = max(succ(|vall|) - |val|, [val| - pred(|vall))

eee mmm eee mmm

P » P
<« > <«

floating-point numbers

[ < » P
| < > <

sign bit H exp 0 0..0 1| = exp - mmm 1 0..0

° Intended accuracy = accumulation of semi-ulp errors

* statistical accumulation for stochastic arithmetic
* worst-case accumulation for conservative (guaranteed) arithmetic

[
|

°* But morereasoning should be used for finer proofs

* constant values = compiler constants, error = float - ideal is constant
* Sterbenz lemma: new _err =0 fora-bif 0 <a/2 <b <2xa

* multiplication, division by 2" : new_err =0

* a-b=#0=|a-b| >0.5 x ulp(max(|al, |b|))

BINSTITUT -~
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MECHANISMS INSIDE FLUCTUAT

°* Propagation of domain and error for floating-point values
(and integer values) for floating-point operations

°* Constraints to manage conditionals and unstable branches

°* Widening, narrowing to manage loops
* come with parameters: initial unfolding, cyclic unfolding, widening threshold

°* Evolution graphs
* help to have feedback on the parameters

° Interactive analysis

* with commands inspired from gdb
* to understand the warnings of the analysis

.
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CONDITIONS — UNSTABLE BRANCHES

x € [0.0, 2.0], error € [-107, 107°]
y = (x < 1) ? 4*x-3 : X;

° constraints the domains for the explored branch

°* add constraints on noise symbols

* example for unstable branch: float < ideal, error <0
° synchronization on the immediate post-dominator of the condition

y = 4*x-3

1.0< Xfioat < 20’ 1.0= Xreal < 20’ IXreaI - Xﬂoatl <10° 1.0< Yiioat < 50’ 1.0= Yreal < 50, |yreal - yfloatl < 4*10°
follow then
-10°< <
1.0-10° < Xy < 1.0, 1.0 < X, < 1.0+10° 1.0-10° = Yy < 1.0,
1.0= Yreal < 1-0+4*10_5;
0.0 < Xgu < 2.0, < e
0.0 < X?ealts 2.0, unstable |yreal yﬂoatl 5*10
|Xreal - Xfloatl < 10-5 branCh
1.0< Yiioat < 1-0+4*10_5,
1.0 < Xy < 1.0+105, 1.0-1.0 < X, < 1.0 10-105<y.. <10,
L |yreal - yﬂoatl <5*10°
0.0= Xfioat < 1.0,0 < Xreal < 1.0, |Xreal - Xfloatl <10° follow else 0.0= Yiioat < 1.0,0 < Yreal < 1.0, |yreal - yfloatl <10°
y=X
BINSTITUT .
.
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EVOLUTION OF THE ERROR

Iterations Error
Min: |1 |
- 0004104
Max: |180 |
. | . f h h | = | Draw again | | Reset 0.003078
Evolution of the error to tune the ana YSIS  en
10.002052
Min : ‘_1 ‘
paral I leters o 1 0.001026
| Draw again | | Reset |
Display
Ney P ¢ l2| [r] 89 (9 we sa avor wir O) Foating peint value
Tror
[ Exactvalue 0001026
1 #include "daed_builtins.h 4.84e-03 & exror
? float di ce_to_target = 1800.0; [ Relative error -0.002052
“ float initial_speed = 200.0;
4 Steps = 100.0- s,
® float steps = 100.0; ave i i e
- 2 426-03 As bitmap
° float deceleration = 0.5 * (initial_speed * initial_speed) / distance_to_targek; L4 (e
7 float position_robot = 0.0; As GNUplot file -0.004104
i] Print
% int main() { Lo
10 float result, model_error; 0.00e+00
11 float £ d=00; Lol =:
. oat current_spee 3 0 ‘T 25 50
_5 current_speed = initial_speed; { )
'“ position_robot =0.; Variables / Files Variable Interval
5 while {current_speed = 0) { -
- distance_to_target (Float) Float: - :
7 position_robot += current_speed * steps / 1000.0; initial_speed (float] | 1.80999511e3 || 1.80999512e3 |
current_speed -= deceleration * steps / 1000.0; main (integer) Real :
model_error (Float) 1 r il ]
: FPRINT(position_robot); position_robot (float) 1 L 1809999993 || 1.81000001e3
2} result (Float) Global error : - _
2 result = position_robot; steps (float) [ 4.88281249e-3 || 4.88281251e-3 |
23 model_error = result - distance_to_target; : .
- = = ' Relat 3
FPRINT(result); brake.c Relative error . .
FPRINT(model_error); [ 2.69768646e6 || 2.69768647e6 |
return0; Variable model-error Higher Order error :
2 10 |- flnal error exact value | 0.' | 0.‘
error AL current point:
[ I |
Sl Last analysis : 0.07 sec / 16384 Kilo Bytes [
0 — _

optimal « steps » parameter value = 2.5

method error = implementation error
o ‘ steps

100 50 25 125 625  3.125 15625 0.78125 0.3906250.1953125 -ICNASIJII\ITS].[
2 R L. P universite
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IRREGULAR SUBDIVISIONS WITH USER’S REQUIREMENTS

* Specific annotations in the code

double res;
double eps = 1le-8;
double a, b;

double* tab[2] = { &a, &b };
a = DBETWEEN (1, 4);
b = DBETWEEN (1, 4);

SUBDIV_REQUIRE_ERROR_MULTIPLE_BEGIN(tab, 2, res, -le-5, le-b5)
DPRINT (a)
DPRINT (b)
if (a < b-eps) {

res = a*(b/a-1)/log(b/a);
}
else if (a > bt+eps) {

res = a*(b/a-1)/log(b/a);
}
else

res = a;

DPRINT (res) ;
SUBDIV_END

’
’

* Split the domain to explore 2" sub-paths where n is the number of
variables to subdivide

°* Do it recursively while the result does not fit with the requirements
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CONCLUSION

°* Analysis is relatively quick — compared to other formal tools

* Forward propagation of domain and error by using propagation rules

* Instruction = constant time if the number of noise symbols is limited
° =linear (+,-,unary), quadratic (*,/) if no constraints on the number of noise symbols

°* Good results for small pieces of code

° But guaranteed results mean over-approximations

* they accumulate and trigger alarms

* some of them are true alarms
° but, do you want to care about events with few probability?

* some of them are false alarms
° non-linear computations = the inferred domains are larger than real ones
= the introduced error (ulp) is over-approximated
branching are source of false alarms: highly non-linear
it would require a solver (longer analyses)
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Thanks for
your attention!
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