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1. Approximation
[DeVore, 1998, Acta Numerica]



Approximation [DeVore, 1998, Acta Numerica]

Numerical analysis and supervised learning

Function approximation is paramount in several fields of applied mathematics. Examples include supervised
learning and numerical analysis.

- Numerical analysis: Given a differential operator D, we seek a function u such that D[u] = f.

- Supervised learning: Given a set of data (xk,yk):‘("ﬂ, we seek a function u such that for all k € [1, M], u(x,) = y,.

In both cases, the sought solution u is in some infinite-dimensional Hilbert space %, say # = L.

Main idea: reduce this problem to a finite-dimensional one by approximating u in a finite-dimensional
function space vV, c .
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Approximation [DeVore, 1998, Acta Numerica]

Plan of the presentation

In this talk, we will:

1. First, approximate a function u € # that we already know, to introduce the notion of linear approximation
spaces Vy, and nonlinear approximation spaces V;

2. Then, approximate an unknown function u € 7 that is the solution to a PDE D[u] = f, using the
aforementioned spaces, leading to a description of PINNs.
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1.1. Linear approximation spaces



Linear approximation spaces

Linear approximation spaces: definition

Definition (Linear approximation space): Let Q c RY be a domain and # = L?(Q) be a Hilbert space of
functions defined on Q. A linear approximation space V,, of dimension N is defined by

N
= Span(@,, ... @) ={uy € 7 suchthat 36 €0,Vx € Q, uy(x) = Z 8,0,(x),
=1
where @ = (cpj)j'\l1 e #N are the basis functions of Vy and 6 = (G)J.)J.'\l1 e 0 c R" are the parameters to be
determined. The parameters 6 are called degrees of freedom (dofs).

The choice of the basis functions ¢ completely defines the approximation space V- For instance:
- the finite volume method uses indicator functions of the mesh cells 0@ =1,
- the finite element method uses piecewise polynomials, e.g., hat functlons P, = max(O 1-|x- X; | /h ).
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Linear approximation spaces

Linear approximation spaces: definition

Definition (Linear approximation space): Let Q c RY be a domain and # = L?(Q) be a Hilbert space of
functions defined on Q. A linear approximation space V,, of dimension N is defined by

N
= Span(@,, ... @) ={uy € 7 suchthat 36 €0,Vx € Q, uy(x) = Z 8,0,(x),
=1
where @ = (ij)j'\l1 e #N are the basis functions of Vy and 6 = (E)j).'\l1 e 0 c R" are the parameters to be
determined. The parameters 6 are called degrees of freedom (dofs).

The choice of the basis functions ¢ completely defines the approximation space V- For instance:
- the finite volume method uses indicator functions of the mesh cells 0@ =1,

- the finite element method uses piecewise polynomials, e.g., hat functlons P, = max(O 1-|x- X; | /h ).

Goal: Let u € 7. Given a finite-dimensional subspace V,, c 7, we seek to approximate u by a function uy € V.
w to find the dofs 87?
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Linear approximation spaces

Linear approximation spaces: orthogonal projection (Galerkin method)

Finding u, amounts to determining the dofs 6 such that the
distance in / between u and ug is minimized:

0 e argergin J(9) = argergin %"u - Ua”;

f |lu(x) - ua(x)|2 dx.
Q

N|[—

6 € argmin
6S(C)

We thus seek ug € V such that, for all v € Vi, (u - ug,v),. = 0.
This amounts to an orthogonal projection of u € # onto V,.
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Linear approximation spaces

Linear approximation spaces: orthogonal projection (Galerkin method)

Finding u, amounts to determining the dofs 6 such that the
distance in / between u and ug is minimized:

0 e argergin J(9) = aragergin %"u - Ua”;

N|—

6 € argmin
5S(C)

f |lu(x) - ua(x)|2 dx.
Q

This leads to a linear system 76 = U, where the matrix M and right-hand side U are given by

Vie [1,N], Vje][1,N], Mij = (Lpp (PJ')}( and U. = (ur(pi>:}('

We thus seek ug € V such that, for all v € Vi, (u - ug,v),. = 0.
This amounts to an orthogonal projection of u € # onto V,.
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Linear approximation spaces

Linear approximation spaces: oblique projection (Petrov-Galerkin method)

To find u, €V, we compute the dofs 0 such that the residual is orthogonal to a test space W, = Span(Lp1, vy LIJM):
ug €Vy s.t. (u-u, wk)% =0, Vke][1,M].
We seek ug € V such that u - ug is orthogonal to W,.

If Vi, = W,,, we recover the orthogonal projection.
If Vi, # W,,, this is an oblique projection.
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Linear approximation spaces

Linear approximation spaces: oblique projection (Petrov-Galerkin method)

To find u, €V, we compute the dofs 0 such that the residual is orthogonal to a test space W, = Span(Lp1, vy LIJM):
ug €Vy s.t. (u-u, wk)% =0, Vke][1,M].
We seek ug € V such that u - ug is orthogonal to W,.

If Vi, = W,,, we recover the orthogonal projection.
If Vi, # W,,, this is an oblique projection.

Therefore, we seek 8 = (ej)jN=1 such that

N
vke [1,M], > 6,(0;, W), = (U,
j=1

This yields the linear system K6 = U, where:

Kkj = (ijr ka)g_(r Uk = (U, ka>j-(

If N # M, we solve this rectangular linear system in a least-squares way:

6 € argmin [|[K3 - U]|3.
6 ={C)
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Linear approximation spaces

Degrees of freedom for collocation methods

An important example of a Petrov-Galerkin method is the collocation method. In this case, we introduce a set of

M collocation points (Xk)ke[[‘l e They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6x1, vy 6XM).
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Linear approximation spaces

Degrees of freedom for collocation methods

An important example of a Petrov-Galerkin method is the collocation method. In this case, we introduce a set of

M collocation points (Xk)ke[[‘l e They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6x1, vy 6XM).

With a slight abuse of notation, (u, 8, ) denotes the pointwise evaluation u(x). Recall that we seek
ug €Vy st. (u-ugw,)=0, Vkel[1,M].

Computing this inner product, we get, for all k € [1, M], that u, satisfies

N

(u-ug,8, )= (u(x) - ug(x)) 8, (x)dx = u(x,) - Z 8,9;(x,) = 0.

k
QO j=1
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Linear approximation spaces

Degrees of freedom for collocation methods

An important example of a Petrov-Galerkin method is the collocation method. In this case, we introduce a set of

M collocation points (Xk)ke[[‘l e They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6X1, vy 6XM).

With a slight abuse of notation, (u, 8, ) denotes the pointwise evaluation u(x). Recall that we seek
ug €Vy st. (u-ugw,)=0, Vkel[1,M].

Computing this inner product, we get, for all k € [1, M], that u, satisfies
N
(u-ug,8, )= f(u(x) - ug(x)) 5, (x)dx = u(x,) - Z 8,9;(x,) = 0.
QO j=1

This is not reachable in general, and so we minimize the residual at the collocation points:

N 2

u(x) - > 89i(x,)

j=T1

M
6 € argmin Z

9€0

This is nothing but a linear least-squares fit of the function u at the collocation points (Xk)ke[[1 M]]!
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Linear approximation spaces

Advantages and drawbacks of linear methods

Advantage (Convergence): Linear function approximation methods generally satisfy, for some p > 0,

Ju-vall, = 0 ()

This is a great convergence result! As the number N of dofs increases, the error quantifiably decreases.
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Linear approximation spaces

Advantages and drawbacks of linear methods

This is a great convergence result! As the number N of dofs increases, the error quantifiably decreases.

This is a disheartening result, as the number of dofs increases exponentially with the dimension of the domain.
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1.2. Nonlinear approximation spaces



Nonlinear approximation spaces

Linear vs nonlinear approximation spaces

Nonlinear numerical methods rely on replacing the linear subspace V,, c 7 with a nonlinear subspace v, c #.

® trajectory s(t) ® trajectory s(t)
approximated trajectory approximated trajectory
" linear manifold " quadratic manifold

Of course, this only makes sense if the solution u is actually in a low-dimensional manifold V c 7.

figures from Geelen et al, 2022
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Nonlinear approximation spaces

Example: linear vs nonlinear RBFs

For linear Gaussian RBFs, the centers C; € Q and the variance o? of the Gaussian
basis functions are fixed:

N - ¢; E < :
— 0 X — 1 : :
Ug(X) ZGJ exp 202 ' : S
j=1 B S S
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Nonlinear approximation spaces

Example: linear vs nonlinear RBFs

For linear Gaussian RBFs, the centers C; € Q and the variance o? of the Gaussian
basis functions are fixed:

N X - ¢
_ B j
Ug(X) = Z ej exp o2
J:

2 x-¢l?
uaco(x)=2ajexp - 2’
j=1 20]

N
We define a vector 6 = (a;, ¢;, 0:)%2 € RN and a nonlinear function @ such that

I U ey =
N
d+2 |x - ¢, E
ug(x) = ®(x; 0) = z o; exp| - o2
)=1 )
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Nonlinear approximation spaces

Numerical experiment: approximating a localized function

linear space, 30 dofs

nonlinear space, 9 dofs
1 ;ku u

A
— ref. — ref. /|
0.5 | |- approx.

- = dpprox. “1' \l

—0.5 ¢

| | | X X
—7T —7/2 0 7T/2 7T —7T —7T/2 0

Very few nonlinear RBFs yield a better approximation than many more linear RBFs!

\ 4

T/2 7T
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Nonlinear approximation spaces

Nonlinear approximation spaces

Definition (Nonlinear approximation space): Let ¢ : Q x RN — R be a nonlinear function. The nonlinear
approximation space v, c # of dimension N, based on @, is defined by

vy =Im(6 » @(;0)) ={ug € 7€ suchthat 36 €06,Vx €Q, uy(x) = w(x; 0)},

where 6 = (GJ.).'\[1 e 0 c RN remain the degrees of freedom to be determined.
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Nonlinear approximation spaces

Nonlinear approximation spaces

Definition (Nonlinear approximation space): Let ¢ : Q x RN — R be a nonlinear function. The nonlinear
approximation space v, c # of dimension N, based on @, is defined by

=1m(6 ~ @(;0)) ={uy € 7 suchthat 30 €0,¥x € Q, uy(x) = p(x;6)},

where 6 = (GJ.).'\[1 e 0 c RN remain the degrees of freedom to be determined.

« The choice of the nonlinear function ¢ : Q x RN = R completely defines the approximation space [

- Example: for nonlinear Gaussian Radial Basis Functions (RBFs), the nonlinear function reads:

353 |x - c|2
@(x;0) = (a, c,0)) Za exp( )

J

- Example: for MLPs, the nonlinear function is @(x; 8) = NV(x; 8), with V' a neural network with parameters 6.
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Nonlinear approximation spaces

Relationship between linear and nonlinear approximation spaces

Linear spaces read

V

e [Ue € J{ suchthat 36 €0,Vx € Q, uj, Z 0. Lpllnear ]

while nonlinear spaces may be rewritten, with N =N, + N, as

1%

N T [ua,s €7 suchthat JaeR™M, 3B e R, ¥xeQ, u, z 0 p7O" " (x B)].

Hence, they are not linear spaces as the functions (p; are not a fixed basis, but rather they depend on the target
function u through the dofs B.
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Nonlinear approximation spaces

Degrees of freedom for nonlinear collocation methods

We determine the dofs in a Petrov-Galerkin way, using a collocation method. In this case, we introduce a set of
M collocation points (Xk)ke[m ne They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6x1,..., 6XM).
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Nonlinear approximation spaces

Degrees of freedom for nonlinear collocation methods

We determine the dofs in a Petrov-Galerkin way, using a collocation method. In this case, we introduce a set of
M collocation points (Xk)ke[m ne They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6x1,..., 6XM).
Recall that we seek

Uug € Vy st. {(Uu-ugw,)=0, Vkel[1,M].

Computing this inner product, we get, for all k € [1, M], that u, satisfies

(u-ug,8, )= [)(u(x) - ug(x)) 5, (x)dx = u(x,) - (x; ) = 0.
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Nonlinear approximation spaces

Degrees of freedom for nonlinear collocation methods

We determine the dofs in a Petrov-Galerkin way, using a collocation method. In this case, we introduce a set of
M collocation points (Xk)ke[m ne They can be sampled uniformly, randomly, ...

Then, the test space is made of Dirac deltas at those points: W, = Span(6x1,..., 6XM).

Recall that we seek
Uug € Vy st. {(Uu-ugw,)=0, Vkel[1,M].
Computing this inner product, we get, for all k € [1, M], that u, satisfies

(u-ug,8, )= [)(u(x) - ug(x)) 5, (x)dx = u(x,) - (x; ) = 0.

This is not reachable in general, and so we minimize the residual at the collocation points:

M
0 € argmin Z lu(x, ) - ©(x,; 9)|°.
9€0 |7

This is nothing but a nonlinear least-squares fit of the function u at the collocation points (Xk)ke[[1 M]]!
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Nonlinear approximation spaces

Determining the degrees of freedom

This collocation method has the following advantages and drawbacks:

)
)

No mesh is required; we need to “sample” the domain to obtain the collocation points.

-~

)

High dimensions become reachable, even with a low number of dofs.

o: We obtain a non-quadratic and non-convex minimization problem in 6! This does not lead to a linear system.

~> We require a very good optimization algorithm to solve this problem.
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Nonlinear approximation spaces

Comparison of nonlinear optimizers (for a small number N of dofs)

(a) approximation with 60 dofs (b) approximation with 192 dofs
gl — ugll g I = ugll
11 14
1072 | 1072
1074 1074
10-¢ 10—
1078 + 10~8 + l
# epochs # epochs
0 200 400 600 800 1,000 0 200 400 600 800 1,000
—— Adam —— LBFGS —— ssBFGS —— ssBroyden —— ENG + SGD

Conclusion: Even on a simple problem, optimization efficiency is crucial for obtaining good accuracy.

PINNs as numerical methods based on nonlinear approximation spaces

.y IAMA 15/26
Victor Michel-Dansac, Atelier “Fabrique ton PINN 2", Paris, 20 October 2026 &z'zca,— R /



2. Solving PDEs In nonlinear
approximation spaces



Solving PDEs in nonlinear approximation spaces

Plan of the section

In this section, we will tackle the approximation of PDE solutions in linear and nonlinear spaces.

1. First, we tackle elliptic PDEs, as they already contain most of the required concepts to understand the main
ideas of the method.

2. Then, we consider parameter-dependent PDEs, which depend on some physical parameters. The parameters
are taken into account in a monolithic way, i.e., they appear as additional dimensions of the problem.

3. Finally, we move on to time-dependent PDEs, and distinguish between monolithic and time-discrete
approaches.
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2. Elliptic problems



Elliptic problems
Linear methods for elliptic problems

Let D be a differential operator. We consider the elliptic problem (disregarding boundary conditions):
Vx € Q, D[ul(x) = f(x).

Similarly to the function approximation task, we define a linear approximation space V,:

Vy = 1fg = Dlugl € 7€ such that 36 € 6,Vx € Q, uy(x)

I
™]
L
S
—
=
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Elliptic problems
Linear methods for elliptic problems

Let D be a differential operator. We consider the elliptic problem (disregarding boundary conditions):

Vx € Q, D[ul(x) = f(x).

Similarly to the function approximation task, we define a linear approximation space V,:
N
Vy =1fg = Dlugl € 7€ suchthat 30 € 6,Vx € Q, uy(x) = Z ejcpj(x) :
j=1

We then solve the oblique projection:
find f, eV, st YweWw,, (f- fe,w)}( =0,
or equivalently, find 6 €0 st. YweW,, (f- D[ue],w)% = 0.
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Elliptic problems
Linear methods for elliptic problems

Let D be a differential operator. We consider the elliptic problem (disregarding boundary conditions):
Vx € Q, D[ul(x) = f(x).

Similarly to the function approximation task, we define a linear approximation space V,:

N
Vy =1fg = Dlugl € 7€ suchthat 30 € 6,Vx € Q, uy(x) = Z ejcpj(x)].
j=1

We then solve the oblique projection:
find f, eV, st YweWw,, (f- fe,w)}( =0,
or equivalently, find 6 €0 st. YweW,, (f- D[ue],w)% = 0.

If W,, = Span (¢, .., ), we get the Galerkin method:  If Wy =Span (5, , ..., 5XM), we get the collocation method:

1

N M N 2
Vi e [1,N], <D[Zejcp,-],cpi> = (f,9,),. 6 cargmin > |2 8¢,]x) - f(x,)
j=1 I 9€0 =7 j=1
PINN ical methods based l imati 2
s as numerical methods based on nonlinear apprOX|mat|0n spaces , M 17/26
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Elliptic problems
Nonlinear methods for elliptic problems

Like in the linear case, we define a nonlinear approximation space Vy:

1%

= {fg = Dlugl € I suchthat 30 € ©,Vx € Q, uy(x) = (x; 0)}.

We use a collocation method, with M collocation points (x and the test space W, = Span(6x - 6XM).

|<)I<eﬂ‘l M] 1
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Elliptic problems
Nonlinear methods for elliptic problems

Like in the linear case, we define a nonlinear approximation space Vy:

1%

= {fg = Dlugl € I suchthat 30 € ©,Vx € Q, uy(x) = (x; 0)}.

We use a collocation method, with M collocation points (x and the test space W, = Span(6x yory O

|<)I<eﬂ‘l M] 1 XM)‘

Recall that we seek

foev, st (f-f,w)=0, Vke[1,M].

Computing this inner product, we get, for all k € [1, M], that u, satisfies

(f - f,, 6Xk) =(f - Dlug], 6Xk) = f(f(x) - Dlugl(x)) 6Xk(x) dx = f(x,) - Dlugl(x,) = 0.
Q
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Elliptic problems
Nonlinear methods for elliptic problems

Like in the linear case, we define a nonlinear approximation space Vy:

1%

= {fg = Dlugl € I suchthat 30 € ©,Vx € Q, uy(x) = (x; 0)}.

We use a collocation method, with M collocation points (x and the test space W, = Span(6x yory O

|<)I<eﬂ‘l M] 1 XM)‘

Recall that we seek

foev, st (f-f,w)=0, Vke[1,M].

Computing this inner product, we get, for all k € [1, M], that u, satisfies
(F -f0,8, ) = (F - Dugl, 6, ) = fo (F(x) - Dlugl(x)) 8, () dx = f(x,) - Dlugl(x,) = 0.

This is not reachable in general, and so we minimize the residual at the collocation points:

M
0e aragrgin Z |f(x,) - ﬂ[ua](xk)|2.
= k=1

We recover physics-informed neural networks (PINNs, [Raissi et al., 2019])!
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Elliptic problems
Boundary conditions: multi-objective loss functions

In general, the PDE comes with a set of boundary conditions, and so the BVP reads

[Z)[u]=f in Q,
B[u]=0 on Q.

So the minimization problem has to include both objectives:

Dlugl = f and Blug] = 0.

The main way of handling these multi-objective problems is to use a weighted sum of the objectives, i.e.,

90

M M,
e argmin{z | DlugI(x, ) - f(xk)|2 £\ Z |23[u9](xE)|2 ,
k=1 k=1
with a well-chosen coefficient A to balance the two objectives.

~» This quickly becomes very hard to tune for complex, multi-domain and multi-BC PDESs!
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Elliptic problems
Numerical experiment: Poisson problem in a disk

(a) approximation, Adam optimizer (b) error, Adam optimizer
1.00 1.738 1.00 1.168
Approximation of the solution to the
Poisson problem
0254 | 0.25 A
0.652 0.668
] 0.290 ::0- 0.501 [_Au = f) In Q
—0.25 =0.254
o504 -0072 | 0.334 u = 01 on aQr
~0.75 1 -0.434  _g.751 0.167 . . .
. p S g where Q iIs the unit disk.
~1.00 -0.797  —1.001 0.000
-1.0 —0.5 0.0 05 10 -10 —05 0.0 05 10
(c) approximation, natural gradient optimizer (d) error, natural gradient optimizer
1.00 0.999 1.001 x107/\. 2 307 We use an MLP W|th 360 dOfS; th'S iS not a
&0 : lot for such an oscillatory solution.
0.50 @ O @ O ) 0.428 0501 1.648
0.25 1 @ O O O 012 0.25 1 131
0.00 0.00 . .
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—0.50 s 0429 g0 0.659 3 o e
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2.2. Parameter-dependent elliptic problems



Parameter-dependent elliptic problems

Parameter-dependent PDEs

We can also consider parameter-dependent PDEs, where the solution depends on some parameters p € M c RP:
VxeQ, YueM, Dlulx,u)=T(x p).

We emphasize that u is treated as a function of the joint variable (x, p) € Q x M. The current approach is
monolithic: the parameters are seen as additional coordinates in the input space.
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Parameter-dependent elliptic problems

Parameter-dependent PDEs

We can also consider parameter-dependent PDEs, where the solution depends on some parameters p € M c RP:
VxeQ, YueM, Dlulx,u)=T(x p).

We emphasize that u is treated as a function of the joint variable (x, p) € Q x M. The current approach is
monolithic: the parameters are seen as additional coordinates in the input space.

We can then define a parametric nonlinear approximation space

1%

= {fg = Dlugl € LA(Qx M) suchthat 30 € ©,Vx € Q,Vp € M, ug(x, H) = @(x, p; 0)}.

The projection is treated in the same way as before, but now the collocation points are defined in Q x M:

M
0 € argmin Z | DlugI(X,, 1y ) - F(X,. uk)|2.
9e€0 k=1
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Parameter-dependent elliptic problems

Result on a parametric Poisson problem in a disk

Adam
loss history residual, p=(1.25, 0.35}, L2 norm: 3.40e-02 error, u=(1.25, 0.35), L% norm: 2.09e-03 R .
i 0 0.0006
— s N «w * parametric Poisson problem:
dual 11925
T resldue 11535 0.5 ggg;; 0.5 elIH
11145 ():()144 :gggi:
1073 1-2;:: 0.0 / 0.0000 0.0 —0.0024
Wy hed | _0.0144 —0.0030 = A y IJ “ = f y u u
R S| R oo My Au(x, y, Hy, 1, X, ¥y Hqr By
0.9195 % ~0.0576 0.0048
T ; , ; T T 0.8805 -0, T T -0 .
0 200 400 600 BOO 1000 -1 0 1 -1 0 1
dam 2D (space) + 2D (parameters) =
loss history residual, p=(1.75, 0.15), L2 norm: 3.05e-02 error, u=(1.75, 0.15), L2 norm: 7.37e-04 .
— a0 o T wwe 4D problem, solved with 960 dofs!
—— residual 1:681 agd 0:0396 054 0.001260
1.656 R 0.000945
1o~ 1631 0.0 - 0.0132 0.0 0000639
65 00000 s ...
SRR Al S we« At the end of the optimization, we
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?
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e m :  good optimization strategy to obtain
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2.3. Time-dependent problems



Time-dependent problems

Time-dependent PDEs: monolithic PINNs

Moving on to a time-dependent PDE of the form

o,u(t, x) + Dlul(t, x) = f(t, x), for t€[0,T]andx € Q,

PINNs [Raissi et al., 2019] still approximate the solution u by a neural network
Ue : (tr X) = Lp(tr X; e)r

whose dofs (trainable parameters) 6 are global constants in time and space.
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Time-dependent problems

Time-dependent PDEs: monolithic PINNs

Moving on to a time-dependent PDE of the form
o,u(t, x) + Dlul(t, x) = f(t, x), for te[0,T]and x € Q,
PINNs [Raissi et al., 2019] still approximate the solution u by a neural network
Ue : (tr X) = Lp(tr X; e)r

whose dofs (trainable parameters) 6 are global constants in time and space.

So, we define a nonlinear approximation space

V) = {fg = d,ug + Dlug] € LA[0,T] xQ) such that 36 € O,Vt € [0,T],Vx € Q, uy(t,x) = @(t,x; 6)}.

The collocation points are now defined in [0, T] x Q:

M
0e arsgrgin Z |9, ug(t,, x,) + Dlugl(t,, x,) - f(t,, xk)|2.
€ k=1

This leads to a global space-time optimization problem, which may be difficult to solve in practice.
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Time-dependent problems

Time-dependent PDEs: time-discrete PINNs

In the time-discrete case, the solution u is approximated by a neural network whose dofs 6 evolve in time:
Ugeey * X ¢p(x; 6(t)).

For each time t € [0, T], the dofs 6(t) should minimize the PDE residual

J

2
atue(t)(x) - Z)[ue(t)](x) - f(t,x)| dx.
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Time-dependent problems

Time-dependent PDEs: time-discrete PINNs

In the time-discrete case, the solution u is approximated by a neural network whose dofs 6 evolve in time:
Ugeey * X ¢p(x; 6(t)).

For each time t € [0, T], the dofs 6(t) should minimize the PDE residual
/- 2
Q

(t)(x) + D[ue(t)](x) - f(t,x)| dx.
In Discrete PINNs [Stiasny et al., 2023], we first discretize in time and then optimize the discrete system.

We discretize the time domain [0, T] as (t“) and we seek the dofs 8(t"*") at time t"*' from those at time t".
Then, we discretize the residual in time (e. g explicit Euler) and solve an optimization problem for 6(t"*"):

B(t"*") € argmin f | )+ Atﬂ[ue(tn)](x) - f(t”,x)|2 dx.
5/SC)

The PDE is thus reduced to a sequence of optimizations.
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Time-dependent problems

Example: Anisotropic diffusion in the JET tokamak

Toroidal mean — t=0.00
Mass (L1): IN=77.1 % OUT =22.9%
Concentration (L2): IN=90.5% OUT =9.5%

Toroidal meano— t=>5.00 . Toroidal mean — t=10.00 Toroidal mean — t=20.00
Mass (L1): IN =79.5 % OUT = 20.5 % Mass (L1): IN = 78.3% OUT =217 % Mass (L1): IN = 73.2% OUT = 26.8 %
Concentration (L2): IN=91.3% OUT =8.7% Concentration (L2): IN = 91.4 % OUT =8.6 % Concentration (L2): IN = 90.2 % OUT =9.8 %

0.00225

0.00288
0.00200
0.00256
0.00175
| 0.0030 +0.00224
Lo.12 F0.00150
+0.00192
F0.0025
Lo.10 F0.00125
N N N F0.00160 N
+ 0.0020
- 0.00100
-0.08 F0.00128
F0.0015
L 0.00075
- 0.00096
0.00050

0.00064

0.00032 0.00025

0.00000

0.00000

2.00 2.25 250 275 3.00 3.25 3.50 3.75
R R

(@a)t=0 (b)t=5 (c)t=10 (d)t =20

Results by N. Pailliez: Anisotropic diffusion in the JET tokamak, solved with a time-discrete PINN. The graphs
represent the toroidal mean of the full 3D solution (i.e., averaged over the toroidal angle).
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2.4. Conclusion



Conclusion

Conclusion

PINNs as numerical methods based on nonlinear approximation spaces = ISIMA
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Conclusion

Conclusion

Advantages:
- Very few dofs are required to reach good accuracy, even in high dimensions.
- Complex domains may be easier to deal with (no meshing required).

Drawbacks:
« The cost per dof is generally much higher than with linear methods.
- No good convergence results are available. In practice, adding dofs does not necessarily reduce the error.

This is being implemented in Scimba,
a Python + PyTorch + JAX library

Our team’s main objectives are to improve: , . ,
with SciML and classical methods for PDEs.

- the accuracy of nonlinear methods, and
- the error constant of linear methods
by hybridizing the two.

More information is available at:

https://www.scimba.org.
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https://www.scimba.org

Thank you for your attention!
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